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Summary. Continuing a study of the average coefficient of kinship and inbreeding among offspring from 
specified mother plants belonging to a population of monoecious, diploid seed-plants, the variances of 
these coefficients have been computed. The variance in kinship was considered among offspring from a 
single mother plant and between offspring from two different mother plants. Special interest has been 
paid to the role played by the rate of self-fertilization and the effective size of neighbourhood and com- 
mon neighbourhood. The graphical representation of some numerical examples indicates that it is impossible 
to predict general tendencies which hold true for the behaviour of all three types of variance if they are 
regarded as functions of the rate of self-fertilization ; only the coefficient of inbreeding and kinship among 
offspring from the same parent showed similar tendencies. The influence of the effective size of neigh- 
bourhood and common neighbourhood on the respective variances proved to be of minor importance. 

Introduction 

Although the coefficient of kinship has been defined on a 

probabilistic basis by Mal~cot (1948), it can be con- 

ceived as a deterministic quantity in so far as its defini- 

tion refers to a fixed pair of individuals. However, in 

many cases this pair of individuals results from a ran- 

dom sample taken from specified populations, whose 

members are genetically related in different ways. In 

order to extend the concept of the coefficient of kinship 

for a given pair of individuals to this situation, usually 

the average for all possible pairs is taken. More pre- 

cisely, this means that the coefficient of kinship is re- 

garded as a realization of a random variable, and the 

average is the expectation of this variable. The informa- 

tion about genetic relationship within a population or be- 

tween populations, which is contained in the average, 

may be very misleading, because it makes no statements 

about the size and frequency of existing deviations. Thus 

it is necessary to determine the variance of the coeffi- 

cient of kinship in order to get an idea of the degree of 

heterogeneity of the genetic relationship within or be- 

tween populations. Despite the fact that considerable de- 

viations in the coefficient of kinship from expectation can 

lead to severe consequences in the field of applied breed- 

ing theory when merely considering averages, to my 

knowledge it is hard to find any publication, except the 

paper of Leviandier and Jacquard (1974), treating vari- 

ances of coefficients of kinship. Because of this the aim 

of the present paper was to derive these variances for 

the special situations arising in monoecious seed plant 

populations. The basic assumptions underlying the model 

employed are the same as those chosen in a preceding 

paper (Gregorius 1975), which the present paper com- 

pletes. This model serves to determine the variance of 

the coefficient of kinship of two seeds randomly taken 

from the seed production of one mother plant or two dif- 

ferent mother plants and the variance of the coefficient 

of inbreeding within the seed production of one mother 

pl ant. 

The Model 

The basic assumptions taken from the paper published re- 

cently (Gregorius 1975) will be repeated briefly: 

The considerations are based on monoecious, diploid 

seed plant populations which are distributed over their 

habitats according to a specified population density. The 

seed production of each plant is broken down into one 

part resulting from self-fertilization and a remaining 

part resulting from cross-fertilization. All members 

of the population flower at the same time and any form 

of gametic selection, mutation and immigration of pol- 

len is regarded as negligible. The mating probabilities 

between single individuals are assumed to contain the 

influence due to the mode of pollen-dispersal and dif- 

ferential pollen production. 

The following notation will be used: 
~(x) := population density at place x. 
q(x) := rate of self-fertilization of a plant located at 

place x. 
p(xiy) := probability-density that pollen which came to 

fertilization at a plant located at place y or- 
iginates from a plant located at place x. 



158 H.-R. Gregorius: A Model for the Determination of the Variance in Genetic Relationship 

K ( x )  := p r o b a b i l i t y  t h a t  t he  two m a l e  g a m e t e s  ( p o l l e n )  
c o n t a i n e d  in  two s e e d s  b e l o n g i n g  to the  c r o s s -  
f e r t i l i z e d  p a r t  of  t h e  s e e d  p r o d u c t i o n  of  a 
p l a n t  l o c a t e d  at  p l a c e  x o r i g i n a t e  f r o m  t h e  
s a m e  f a t h e r  p l a n t .  O b v i o u s l y  

K ( x , y )  := p r o b a b i l i t y  t h a t  t h e  two m a l e  g a m e t e s  ( p o l l e n )  
c o n t a i n e d  in two s e e d s  b e l o n g i n g  to t he  c r o s s -  
f e r t i l i z e d  p a r t s  of  t he  s e e d  p r o d u c t i o n  of  two 
p l a n t s  l o c a t e d  a t  p l a c e s  x and  y,  r e s p e c t i v e -  
ly ,  o r i g i n a t e  f r o m  t he  s a m e  f a t h e r  p l a n t .  

O b v i o u s l y  K ( x , y )  = J  p ( 7 ' i "  x ) p ( z { y )  
(z) dz. 

f(x) " = coefficient of inbreeding of a plant located at 
place x. f(x) is conceived as a random vari- 
able. 

(x,y) := coefficient of kinship between two plants lo- 
cated at places x and y, respectively. ~(x,y) 
is conceived as a random variable. 

Note that ~ can be regarded as an approxima- 
~ k,,x / 

t i o n  f o r  t he  p r o b a b i l i t y  t h a t  p o l l e n  w h i c h  c a m e  to f e r t i l i -  
z a t i o n  a t  a p l a n t  l o c a t e d  a t  p l a c e  y o r i g i n a t e s  f r o m  j u s t  
one  d i f f e r e n t  p l a n t  l o c a t e d  at  p l a c e  x.  

The p a r e n t a l  p o p u l a t i o n  i s  a s s u m e d  to r e s u l t  f r o m  

r a n d o m  d i s t r i b u t i o n  of  t he  i n d i v i d u a l s  o v e r  t h e  h a b i t a t .  

Th i s  i m p l i e s  t h a t  the  r a n d o m  v a r i a b l e s  ~ ( x , y )  h a v e  i d e n -  

t i c a l  p r o b a b i l i t y - d i s t r i b u t i o n s  f o r  a l l  p l a c e s  x and  y,  

t he  s a m e  b e i n g  t r u e  f o r  t he  v a r i a b l e s  f ( x )  f o r  a l l  p l a c e s  

x, and  t h a t  t he  v a r i a b l e s  ~ ( x , y )  and  f ( x )  a r e  m u t u a l l y  

s t o c h a s t i c a l l y  i n d e p e n d e n t  f o r  a l l  x and  y .  

B a s e d  on  t h e s e  a s s u m p t i o n s ,  t he  v a r i a n c e  of  t he  

c o e f f i c i e n t  of k i n s h i p  a m o n g  the  s e e d  p r o d u c t i o n  of  a 

p l a n t  l o c a t e d  a t  a s p e c i f i e d  p l a c e  and  b e t w e e n  t h e  s e e d  

p r o d u c t i o n  of  two d i f f e r e n t  p l a n t s  l o c a t e d  at  s p e c i f i e d  

p l a c e s  and  the  v a r i a n c e  of  t he  c o e f f i c i e n t  of  i n b r e e d i n g  

w i t h i n  t he  s e e d  p r o d u c t i o n  of  a p l a n t  l o c a t e d  at  a s p e c -  

i f i e d  p l a c e  wil l  be  c o m p u t e d .  

The c o e f f i c i e n t  of k i n s h i p  of  two s p e c i f i e d  i n d i v i d u a l s  

( a n d  of  i n b r e e d i n g  in one  s p e c i f i e d  i n d i v i d u a l )  i s  c o m -  

p l e t e l y  d e t e r m i n e d  by t he  g e n e t i c  r e l a t i o n s h i p  b e t w e e n  

t h e i r  ( o r  i t s )  p a r e n t s .  In o u r  c a s e  p a r e n t s  a r e  i d e n t i f i e d  

by the  p l a c e s  a t  w h i c h  t h e y  a r e  l o c a t e d ,  w h i c h ,  f o r  t he  

p r e s e n t  c o n s i d e r a t i o n ,  r e q u i r e s  d i s t i n g u i s h i n g  b e t w e e n  

t h r e e  s i t u a t i o n s  : 

a )  two s e e d s  a r e  p r o d u c e d  f r o m  t h e  s a m e  p l a n t  l o -  

c a t e d  at  p l a c e  x ;  in  t h i s  c a s e  t he  v a r i a b l e  L a ( x  ) s h a l l  

d e s i g n a t e  t h e  two p l a c e s  f r o m  w h i c h  t h e  m a l e  g a m e t e  

( p o l l e n )  p r e s e n t  in  e a c h  s e e d  o r i g i n a t e s ,  an d  t he  v a r i a b l e  

~a (X)  g i v e s  t he  c o e f f i c i e n t  of  k i n s h i p  b e t w e e n  t h e s e  s e e d s .  

b )  two s e e d s  p r o d u c e d  f r o m  two d i f f e r e n t  p l a n t s  l o -  

c a t e d  a t  p l a c e s  x a n d  y e a c h ;  i n  t h i s  c a s e  t h e  v a r i a b l e  

A1 A2 A3 A4 

b ?,* 

B1 

B6 

B2 

B7 

B10 

I I 

Ci C2 

e2 

B4 

B8 

The remaining three cases B 3 ,B 5 ,Bg can be obtained 
from B2,B 4 ,B s using the same order, by changing sub- 
scripts 1 into 2 and 2 into I. 

Fig. I. Types of identity between parents (Q = female pa- 
rent, of= male parent): a)The two offspring (seed) I~ and 
12 originate from the same mother plant (Qi = r ). b)The 
two offspring (seed) 11 and 12 originate from two differ- 
ent mother plants (Q• ~ Q2 )- c) Types of identity between 
the two parents of one offspring (seed) I 

L b ( X , y )  s h a l l  d e s i g n a t e  t he  two p l a c e s  f r o m  w h i c h  t he  

m a l e  g a m e t e s  p r e s e n t  in  e a c h  s e e d  o r i g i n a t e ,  and  t he  v a r -  

i a b l e  ~b (x,  y )  g i v e s  the  c o e f f i c i e n t  of  k i n s h i p  b e t w e e n  

t h e s e  s e e d s .  

c )  a s e e d  i s  p r o d u c e d  f r o m  a p l a n t  l o c a t e d  a t  p l a c e  x ;  

in  t h i s  c a s e  t h e  v a r i a b l e  Lc(X ) s h a l l  d e s i g n a t e  t he  p l a c e  

f r o m  w h i c h  the  m a l e  g a m e t e  p r e s e n t  in  t h i s  s e e d  o r i g i -  

n a t e s ,  and  t h e  v a r i a b l e  fc (x)  g i v e s  t h e  c o e f f i c i e n t  of  i n -  

b r e e d i n g  of  t h i s  s e e d .  
S i n c e  the  fac t  t ha t  s o m e  of t he  p a r e n t s  ( e . g .  in  s i t u -  

a t i o n  a )  up to a l l  f o u r )  m a y  h a p p e n  to be  t he  s a m e  i n d i -  

v i d u a l  i n t r o d u c e s  a n  e f f ec t  on  t he  g e n e t i c  r e l a t i o n s h i p  

a m o n g  o f f s p r i n g  w h i c h  i s  not  j u s t  due  to t h e  r e l a t e d n e s s  

of  t h e i r  p a r e n t s ,  t h i s  i n f l u e n c e  s h o u l d  b e  t a k e n  in to  a c -  

c o u n t  by d i s t i n g u i s h i n g  t h e  d i f f e r e n t  t y p e s  of  i d e n t i t y  b e -  

t w e e n  p a r e n t s  f o r  e a c h  of  t he  a b o v e  t h r e e  s i t u a t i o n s  ( a s  

in  F i g .  1 ) .  

It i s  n o w p o s s i b l e  to g ive  a c o m p i l a t i o n o f a l l  t he  v a l u e s  

t h a t  t h e  v a r i a b l e s  ~ a ( X ) ,  ~ b ( x , y ) a n d  f c (X)  c a n  a d o p t :  
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a)  Ca(X) in case  

A1, La(x)  = (x ,x )  : 

A2, La(X) = (x ,y )  : 

A3, La(X) = ( z , y )  : 

Ai( i=l  , . . . , 4 )  and La(X) is  given:  

1 (1 + f ( x ) ) ;  

1 

+ r  ] 

A 4, La(X) = ( y , y ) :  

b) ~ b ( x , y )  in case  

given: 

B1, Lb(X,y)  = (x ,y )  

B2, Lb(X,y)= (x,z) 

B3, Lb(X,y)  = ( z , y )  

B4, L b ( X , y ) =  (x ,x )  

B 5, Lb(x,Y) = (y ,y )  

B6, Lb(X,y)  = (u ,v )  

B7, L b ( X , y ) =  (u ,u)  

B8, L b ( X , y ) =  (u ,x)  

B9, L b ( X , y ) =  (y ,u )  

2 

E( fc (X) )  = E P ( C i ) " E ( E ( f c ( x ) I L c ( X ) ) [ C i ) '  (3) 
i=1 

the s a m e  r e p r e s e n t a t i o n s  holding t rue  if ~2 ~2 f2 a r e  
a' b' c 

subst i tu ted  for  ~a '  ~b'  fc r e spec t i ve ly .  Thus it r e -  

mains  to de t e rmine  the p robab i l i t i e s  P ( . . . )  and the con-  

[ 1  1 (l+f(y))] ditional expec ta t ions .  
I (l+f(x))+2~(x,y)+~ The probabilities P(Ai) , P(B i) and P(C i) canbede- 

B i ( i = l  . . . . .  10) and Lb(X 'y )  is 

: ~(x ,y)  

1 :-~ [ r  + r  

1 :: [ r 1 6 2  

1 1 ( l + f ( x ) )  ] : :  [ r  + : 

1 1 ( l + f ( y ) )  ] : :  [ r  + : 
1 

: :  [ ~ ( x , y ) +  ~ ( x , v ) +  ~ ( u , y ) +  

+ ~(u,v)  ] 

1 : ~  [ r  + r  + r  
1 ( l + f ( u ) ) ]  + ~  

1 1 ( l + f ( x ) )  + r  : :  [ r  + ~ 

+ ~(u, x) ] 

B10 , Lb(Y,X) : ( y ,x )  

1 :~- kekx ,y )  + 

1 :~- [ 2 r  

I ( l + f ( y ) )  + r  + 

+ r y) ] 

i(1+f(x))+ + ~  

+:I (1+f(y))3 

c)  fc(X) in case  Ci ( i=1 ,2 )  and Lc(X) is given: 

I ( l + f ( x ) ) ;  C2, Lc(X) =y:~(x,y) C1, Lc(X) = x:g 

Returning to our  actual  intention, namely  the c o m p u -  

tat ion of the v a r i a n c e s  V ( . . . )  of ~a(X),  (~b(x,y) and 

f (x) ,  which in t e r m s  of expecta t ions  E ( . . .  ) may be 
c 

given the r ep re sen t a t i on  V(~a(X) ) = E (~a(x)  2) - 

- E ( # a ( X ) ) 2  e t c . ,  we a r e  now in a posit ion to solve the 

p rob l em,  applying some  e l e m e n t a r y  p r o p e r t i e s  for  con-  
ditional expec ta t ions .  The conditional expecta t ion  of e . g .  

~a(X) given La(X) will be wri t ten  as E (~a(X)lLa(X)) .  With 

this notation,  and using P (A) for  the probabi l i ty  of any 

event A, we obtain 

4 

E ( ~ a ( X ) )  = ~ ,  P ( A  i) - E ( E ( ~ a ( x ) ] a a ( x ) ) [ A  i) (1) 
i=1 

10 

E ( ~ b ( x ' Y ) )  = 2 P ( B i )  " E ( E ( ~ b ( X ' y ) I L b ( X ' Y ) ) I B i )  
i=l  (2) 

rived directly from the statements contained in Fig. 1, re- 
calling the meaning of the quantities 

q(x), (x~:~, K(x) and K(x,y): ilkxj 

P(A1) = q(x) 2, P(A2) = 2q(x)(1-q(x)), 

P(A3) = (1-q(x))2(1-K(x)), P(A4) = (1-q(x)) 2-K(x); 

P ( B 1 )  = q ( x ) q ( y ) ,  P ( B  2) = q ( x ) ( 1 - q ( y ) ) ( 1 -  (X~r~) l.~k x ! 

P ( B  3) = ( 1 - q ( x ) ) q t y ) ( 1 - ~ ) ,  P (B  4) ~ q(x)  (1 -q(y) )"  

�9 P t B  5) = ( 1 - q ( x ) > q t y ) .  
i.~ t z , !  ' 

- P(B  7) = ( l - q ( x ) ) ( l - q ( y ) )  �9 K ( x , y ) ,  

P ( B  8) -- ( l - q ( x ) ) ( 1 - q ( y . ) ) ( 1  - )- ~ ,  
Ll,~.x ) 

P ( B  9) = ( 1 - q ( x ) ) ( 1 - q ( y ) ) ( 1  - )" , 

P (B10)  = ( 1 - q ( x ) ) ( 1 - q ( y ) )  - p ( y I x )  " p ( x [ y )  . ~(y) - ~(x) ' 

P(CI) = q(x ) ,  P(C2) = 1 - q ( x ) .  

4 I0 2 

Clearly ~, P(Ai)= ~, P(Bi)= E P(Ci) = 1" 
i=l i=l  i=l 

Because  the ~ ( x , y )  have been a s s u m e d  to p o s s e s s  

identical  d is t r ibut ions  for  all p laces  x, y, as do the 

f (x )  for  all p laces  x, the above conditional expec ta t ions  

of ~a(X), ~b(x,y) and fc(X) attain the following repre- 
sentations, putting E(~(x,y)) = ~ and E(f(x)) = f: 
E (E(~a(X) ILa(X ) )I A i) in case 

1 1 ( l + f ) + l  ~ A 3 : 1  3 A1::(1+f); An: : �9 ; g(1+f)+~-r 
1 I 

A 4 :~- ( l+f)  + :- # .  

E ( E ( r  ILb(X,y ) ) [B  i) in case  

1 ( l+ f )  + 1 B1, B2, B 3 and B 6 : ~ ; B4, B 5 and B10 : :  ~- ~ ; 

1 ( l+f)  + 3 B7, B 8 and B 9 :~ ~ �9 ~. 

E(E(fc(x) iLc(X))[C i) in case 

I 
C 1 : ~  ( l+f)  ; C 2:  ~ .  
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Applying formulae  (1),  (2) und (3) we a re  now im-  

media te ly  led to 

E(~a(X))  = @ + [ l ( l + f ) _ @ ] . � 8 8  

E(@b(x,y)) =@+[�89 I [ ~  "7 ~(x) (l+q(x))(l-q(y))+ 

(1-q(x) ) (l+q(y) ) + (l-q(x)) (l-q(y) )" K (x, y) ] § 

a l ( x  ) : 1  

a2(x ) : 1  

a3(x)  =1-% 

_~__ 
16 

( 1 - q ( x ) )  3 s (1 -q (x ) )  2-  K(x) + ~ ( g  + g q ( x ) )  

(1-q(x)) K(x)+ (�88 + 

(1 -q (x ) )  2 " K ( x )  + (�88 ~q(x)) 2 - 

C(~+q(x) )  2 + ( ~ - q ( x ) )  ~ �9 ~ ( x ) ]  2 
1 l+f)-@ ] . q ( x ) ,  E ( fc (X) )  =@+[~( 

which a re  exact ly the same  resu l t s  I der ived ea r l i e r  (Gre-  b l (X'Y)  = 

gor ius  1975, equ. ( l a ) ,  (~a) ,  (3a))  using a different ap-  
p roach .  

The assumpt ion  of mutual independence among the va-  

r iab les  @(x,y) and f(x) for  all places x and y implies 

the following resu l t s  for  the conditional expectations of 
2 2 2 

@a' @b and fc '  putting V(@(x,y))  = V~ and V(f (x) )  =Vf: 

E(E(@a(X)21aa(X)) lA i) in case  

AI: I (i§247188 vf ; A2 : I (l+f)2§ + + 

+ (l+f)~) ; + 

1 1 (1+f)2+1 A 3 :-~--~ ~Vf+3V@+3(1+f)@+9@2);  b3 (x ,y  ) = 
1 + +~2 A4:�88 (�88 (1+f) 2+ ~-V f V@ + (l+f)@) �9 

E(E (@b(x,y) 2 ILb(X,y ))IBi) in case + 
1 +@2 B 1 : V~ + @2 ; B2 and B 3 : ~ V ~  

1 (V@ @2+ 1 1 (1+f)2 (l+f)@) ; B4 and BS :  ~ + ~ V f +  ~- + 

B 6 : I v @  +@2; B7, B 8 a n d B 9 : l % ( 1 V f + 3 V @ +  

1 (1+f)2 + 3(1+f)@ + 9~ 2) ; 

1 1 + @2 1 B10 : ~  (V@ +[Vf + ~ (1+f) 2 * (1+f)@) . 

E (E (fo (• 2 I L c (x)) I C i) in case 
1 I + @2. C1:~"  (1+f)2 + ~ ' V f ;  C 2 : V  @ 

With that, all the quantities which are  needed to com-  

pute the va r i ances  accord ing  to formulae  (1),  (2) and 

(3) a re  specif ied.  In o rde r  to a r r ive  at a representa t ion  

which is as easy  as possible to survey ,  and at the same 

t ime displays the ro le  played by V@, Vf, @ and f c lear ly ,  

it is n e c e s s a r y  to pe r fo rm some tedious r ea r r angemen t s  

leading to the following final resu l t s :  

1 1 
V(@a(X)) : V@ - a l (x )  +~- Vf .  a2(x)  + [~  ( l+ f ) -  @]2. a3(x)  

(4 )  

V ( ~ b ( x , y ) )  : V ~ - b  l ( x , y )  + 41-vf" b 2 ( x , y ) +  

1 (l+f) _ @ ]2. b3(x,y ) 
(s) 

1 
V(fc(X))  : V @ - ( 1 - q ( x ) )  + ~ - V f - q ( x )  § 

+ [~1 (1+f)_@]2.  ( 1 -q (x ) )q (x )  

(6 )  

I (l+q(x)) (l+q(y)) 

_ ! (1-q(x)) (1-q(y)) EK(x, y) - 16 

- 2 P ( X [ y ) P ( Y l x )  ] I I 3q(x)). 
~(x)t~(y) - ~ ( 1 - q ( y ) ) ( ~  + -~ 

�9 l ( l _ q ( x ) )  1 3 -~ (~ + -~q(y)) �9 

1 l, q(y)><�88 �88 b2(x,y_ ) : + - + ~x) 

4" + T q(y)  ) " + 

1 ~ -  (1 -q(x) )  (1 -q (y ) )  �9 K(x ,y )  

(l_q(y))(.:l �88 . , §  �9 + ~Lx/ 

1 1 3 
(1 -q (x ) )  ( 7 + T q (y ) )  �9 + 

1-% ( l - q ( x ) ) ( 1 - q ( y ) )  [K(x ,y )  + 

p ( x l y ) p ( y l x )  ] -  

1 [ (xP-~r~ (l+q(x))(l-q(y)) + 
" ~-6 ~ x ;  

+ ( ~ ( l + q ( y ) ) ( 1 - q ( x ) )  + 

+ ( 1 - q ( x ) ) ( 1 - q ( y ) ) . K ( x , y )  ] 2 .  

The surpr is ingly  high formal  agreement  between (4),  

(5) and (6) allows some s ta tements  to be made which 

a re  applicable to all of the three si tuat ions.  The var iances  

increase  in a l inear  manner  with V@, Vf and the squared 

difference between the average  coefficient of kinship of a 

1 (l+f) and the average  coefficient of plant with i tself  

kinship between two different plants @. F u r t h e r m o r e ,  
1 provided we accept the case  ~ (l+f) < @ to be not r e a -  

l is t ic ,  the var iances  of f and @ increase  and dec rease ,  

respect ively ,  with increas ing values for  f and @. This 

last  finding deserves  par t icu lar  attention, s ince it tel ls  

us that an increas ing average  coefficient of kinship in the 

parental  generat ion always implies increas ing homogen-  

ization of kinship as  well as inbreeding effects within the 

offspring generat ion,  while an increas ing coefficient of 

inbreeding has just the opposite consequence.  

Considering a joint change in @ and f homogenization 

is approached to the second o r d e r  according to the de-  
1 ( l + f )  - @. c reas ing  difference 
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If a p l a n t  p o p u l a t i o n  r e p r o d u c e s  by  p u r e  s e l f - f e r t i l i -  

z a t i o n  o n l y ,  i . e .  q ( x )  - 1, t h e n  a l ( x )  = a 3 ( x )  = 

= b 2 ( x , y )  = b 3 ( x , y )  = 0  a n d  b l ( x , y )  = a 2 ( x )  -= 1 a n d  

1 V(@b(X, y) =--V@ therefore V(r = V(fc(X)) = TVf' 

as could have been expected. The impact of varying rates 

of self-fertilization on the variances can be demonstrat- 

ed byFigs.2, 3, 4, where for simplicity we assume q(x) 

to be constant throughout the population, i.e. q(x) -q. 

The fact that the expectations of @a' ~b and fo in suc- 

cession, are increasing, decreasing and increasing func- 

tion of q, should be regarded as the background to the fol- 

lowing r e s u l t s  ( F i g s . 2 ,  3, 4 ) :  
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F i g .  2.  The v a r i a n c e  of  t he  c o e f f i c i e n t  of  k i n s h i p  @a b e -  
t w e e n  two s e e d s  p r o d u c e d  f r o m  t h e  s a m e  m o t h e r  p l a n t  a s  
a f u n c t i o n  of  t he  r a t e  of  s e l f - f e r t i l i z a t i o n  q .  The r e p r e -  
s e n t a t i o n s  a r e  b a s e d  on  K ( x )  = O. 15 
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F i g . 3 .  The v a r i a n c e  of  the c o e f f i c i e n t  o f  k i n s h i p  @~(x,y)  
between two seeds produced from two different mother 
plants located at places x and y respectively as a func- 
tion of the rate of self-fertilization q. The representa- 
tions are based on 

K ( x , y )  = 0 . 1 3  a n d  ~ = ( ~  = 0 . 0 4  
p, t x )  
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F i g .  4.  The v a r i a n c e  of  t h e  c o e f f i c i e n t  of  i n b r e e d i n g  fo of  
a s e e d  a s  a f u n c t i o n  of  t he  r a t e  of  s e l f - f e r t i l i z a t i o n  q 

It  o b v i o u s l y  i s  i m p o s s i b l e  to  p r e d i c t  g e n e r a l  t e n d e n -  

c i e s  w h i c h  h o l d  t r u e  f o r  t h e  b e h a v i o u r  of  a l l  t h r e e  v a r -  

i a n c e s  if they are regarded as functions of the rate of 

self-fertilization q. Furthermore, this statement can 

even be maintained considering just one of the variances, 

namely V (@b (x' y) ), whose type of dependence on q, to 

a high degree is determined by the 'initial conditions' for 

V@, Vf, @ and f. On the other hand, comparing figures 

4 and 2, inbreeding and the relationship between off- 

spring from the same parent lead to the same tendencies 

for their respective variances, but differ clearly with 

respect to magnitude in favour of V(fc). 

The Influence of Nei~hbourhood-Size 

We shall use Wright's (1946) concept of neighbourhood in 

a sense which is directly applicable to the conditions 

realized in plant populations (see Gregorius 1975). In 

the latter paper the notations Ne(X) and Ne(x,y) were 

used respectively to describe the effective size of neigh- 

bourhood of a plant located at place x and of the effective 

s i z e  of  c o m m o n  n e i g h b o u r h o o d  o f  two p l a n t s  l o c a t e d  a t  

p l a c e s  x and  y,  and  i t  c o u l d  h a v e  b e e n  s h o w n  t h a t  

K ( x )  : 1 N i x , y )  
e"  " ~  a n d  K ( x , y )  : Ne(X ) . N e ( y  ) . T h e s e  q u a n -  

t i t i e s ,  i n c l u d i n g  ~ c o m p r i s e  a l l  e f f e c t s  on  t h e  v a r -  

i a n c e s  which are due to the pollen-dispersal ; consequent- 

ly pollen dispersal does not affect the variance nor the 

expectation of fc' as can be seen from the respective re- 

presentations. On the other hand, expectations and var- 

iances for @a and @b are governed by pollen dispersal, 

but in two enti rely different ways. E ( @a (x) ) and V ( @ (x) ) 
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F i g .  5. The v a r i a n c e  of  the  c o e f f i c i e n t  o f  k i n s h i p  Ca of  
two s e e d s  p r o d u c e d  f r o m  the  s a m e  m o t h e r  p lan t  a s  a f u n c -  
t ion  of  the  e f f e c t i v e  s i z e  of  n e i g h b o u r h o o d  N,  

F i g .  6.  The v a r i a n c e  of  the  c o e f f i c i e n t  o f  k i n s h i p  Cb (0,  x) 
b e t w e e n  two s e e d s  p r o d u c e d  f r o m  two d i f f e r e n t  m o t h e r  
p l a n t s  s e p a r a t e d  by a d i s t a n c e  x a s  a func t ion  of  t h i s  
d i s t a n c e .  The r e p r e s e n t a t i o n s  a r e  b a s e d  on a o n e - d i m e n -  
s iona l  h ab i t a t ,  e x p o n e n t i a l  p o l l e n - d i s t r i b u t i o n  wi th  r a n g e  
D = 50 m and p o p u l a t i o n - d e n s i t y  ~ = 0 . 2  m -  ~ 

d e p e n d  s o l e l y  on the  e f f e c t i v e  n e i g h b o u r h o o d - s i z e  Ne(X)  , 

and  E (Ca(X) ) i s  a d e c r e a s i n g  func t ion  of  t h i s .  An i m -  

p o r t a n t  a s p e c t  in t h i s  c a s e  i s  tha t  the  s a m e  s i z e  fo r  

Ne(X)  c a n  be  o b t a i n e d  f r o m  b a s i c a l l y  d i f f e r e n t  c o n d i t i o n s  

c o n c e r n i n g  e . g .  d i m e n s i o n a l i t y  of  t h e  h a b i t a t ,  p o p u l a -  

t i o n - d e n s i t y  o r  s h a p e  of  p o l l e n - d i s p e r s a l .  F o r  t h i s  r e a -  

s o n  we s h a l l  g ive  a g r a p h i c a l  r e p r e s e n t a t i o n  of  V(Ca(X))  

a s  a f unc t i on  of  Ne(X)  ( s e e  F i g . 5 ) .  

It c an  be s e e n  f r o m  t h i s  f i g u r e  tha t  the  v a r i a n c e  o f  

C a v e r y  r a p i d l y  a t t a i n s  an a p p r o x i m a t e l y  c o n s t a n t  va lue  

wi th  i n c r e a s i n g  e f f e c t i v e  s i z e  of  n e i g h b o u r h o o d .  This  t e l l s  

us  tha t  the  r a n g e  of  p o l l e n - d i s p e r s a l ,  a s  wel l  a s  p o p u l a -  

t ion  d e n s i t y ,  i s  o f  m i n o r  i m p o r t a n c e  f o r  t he  h e t e r o g e n e i -  

ty  in  r e l a t i o n s h i p  b e t w e e n  o f f s p r i n g  f r o m  the  s a m e  p a r e n t .  

On the  o t h e r  hand  the  g r a p h s  c o n f i r m  the  s t r o n g  d e p e n -  

d e n c e  of  t h e  v a r i a n c e  on the  r a t e  of  s e l f - f e r t i l i z a t i o n ,  a s  

s t a t e d  b e f o r e .  P r o c e e d i n g  f r o m  i n v e s t i g a t i n g  e x p e c t a t i o n s  

and  v a r i a n c e s  f o r  C a to t h o s e  f o r  C b,  an e n t i r e l y  n e w  a s -  

pect is introduced in so far as distances between plants 

have to be considered. This new aspect is taken into ac- 

count with the help of the quantities Ne(x'Y)' ~r_i..~i'e" the 

effective size of common neighbourhood, and ~ ,  

( ~ ,  which the that one individual are probabilities 

mates with the other. Because, in zeneral N (x,y) does 

not determine the probabilities and ~LxJ pA, y ! 
completely, it is impossible to regard expectations and 

variances for r b just as functions of effective size. Thus 

population-density, dimensionality of the habitat and 

shape of pollen-dispersal have to be considered explic- 

itely. On the other hand, the great majority of real si- 

tuations show a common tendency for Ne(x,y) (x~u~ 

and ~ to decrease with increasing distance be- 

tween the places x and y, which then implies a decline 

in E (C b). To demonstrate this situation, we shall give 

some examples based on the same assumptions which were 

made in the previous paper (Gregorius 1975), i.e. one- 
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d i m e n s i o n a l  h a b i t a t ,  h o m o g e n e o u s  p o p u l a t i o n - d e n s i t y  

( ~ ( x )  - ~) a n d  e x p o n e n t i a l  p r o b a b i l i t y - d e n s i t y  f o r  t he  

p o l l e n - d i s t r i b u t i o n  ( p ( x l y ) =  3 e x p ( - - ~  - ~ "  -]x-yl), 
w h e r e  D c a n  be  c o n c e i v e d  a s  a m e a s u r e  f o r  t he  r a n g e  of  

p o l l e n - d i s p e r s a l  ) .  The f o l l o w i n g  F i g s . 6 a  a n d  6b s h o w  

V ( ~ b ( x , y ) )  a s  a f u n c t i o n  of  t he  d i s t a n c e  I x - y l  b e t w e e n  

t h e  l o c a t i o n s  x and  y of  t he  two m o t h e r - p l a n t s .  

The c o n c l u s i o n s  we d e r i v e d  f r o m  F i g .  5, c o n c e r n i n g  

t h e  e x t e n t  to w h i c h  t he  e f f e c t i v e  s i z e  of  n e i g h b o u r h o o d  N 
e 

i n f l u e n c e s  t h e  v a r i a n c e  of  ~a '  o b v i o u s l y  a p p l y  a l s o  to 

t h e  i n f l u e n c e  of  d i s t a n c e  b e t w e e n  m o t h e r  p l a n t s  ( a n d  

t h u s  t h e  e f f e c t i v e  s i z e  of  c o m m o n  n e i g h b o u r h o o d )  on  t he  

v a r i a n c e  of  ~ b '  w h e n  l o o k i n g  a t  t h e  d i f f e r e n t  c a s e s  p r e -  

s e n t e d  in  F i g . 6 .  A g a i n  t h e  d o m i n a t i n g  q u a n t i t y  i s  t he  

r a t e  o f  s e l f - f e r t i l i z a t i o n .  In g e n e r a l ,  i f  t h e r e  i s  no c o r n -  

m o n  n e i g h b o u r h o o d  fo r  two p l a n t s  l o c a t e d  at  p l a c e s  x and  

y,  i . e .  N e ( x , y )  = 0 ( a n d  p ( x l y )  = p ( y i x )  = 0 ) ,  t h e  e x -  

p e c t a t i o n  and  v a r i a n c e  f o r  ~ b ( x , y )  i s  t h e  s a m e  a s  in  t h e  

c a s e  o f  a h y p o t h e t i c a l l y  i n f i n i t e  p o p u l a t i o n ,  w h e r e  c r o s s -  

f e r t i l i z a t i o n  i s  a t  r a n d o m ,  b e c a u s e  in  b o t h  c a s e s  K ( x ,  y)  = 

= p ( x ] y )  = p ( y ] x )  = 0 .  
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